
Lecture 14
 4. Hamiltonian Dynamics

Idea: Reformulate a dynamical system described by a Lagrangian L in terms of

9 , P=ht... ,
↑

solve this fora in terms of gi , P:

Start with the Lagrangian descriptions
- start with co-ordinates al .....,9
- set of conjugate momenta P.....,P1 where

P=
Step1: Define go in terms of P , 9 by solving relation for i

Pi=
it [1

, ...,
N3

Step2 : Define Hamiltonian
~
[i(q ,)

iH(q ,p) = gip : -2(q, 9 (t ,+)

i
it

= gq (dot product)
(i)

Computezu chaine

=

- ==
Pj

and
therefore pj = t (2)





Then Hamilton's equations are

x = (H)=GPx Newtons equation
-

==
dP = - dV = mic= -AE at dx

(2) Particle on a plane O
⑪

use polar co-ordinates subject to a force

E = -1 (v(r)) = -Ev'(r) Fro
K . E = 1m(22+ 182) , PE = v(r) , I = KE-PE

=> I(V ,
0
,
v
, 8) = ( + 18) - vN)

and p==mi
Further

,

P==mu=
The Hamiltonian is

H(v , 0 , v, 8) = vputEpf-2

=

+- -V)

=> H(r , 0 , v ,)= Pot

Hamilton's equations
For r

:= Fo = =P =

(as before) => F=



(3) Simple Pendulum:

The Lagrangian is
2 m182 + mglcosO , then i
Po==mi

The Hamiltonian is

H = =Po-1 =P2-H mglo
=> H
=P-mgloso

It's equations

=Po , p= -mylsin

If O is small => COSOI , then
-mgl

mglH = P-mg()1 - = +
cn nore)

This is typical of a Harmonic Oscillator

H =Cp + 182

4.3 Functions on phase space (t , f)

Suppose F(t
,q , f) is a function on a phase space.

calculating
chain rule

8(

-






